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Abstract
The concept of a new kind of graph energy, namely, minimum covering energy, denoted by
E.(G), was introduced by Chandrashekar Adiga et.al in 2012. The Gutman energy is the sum of
the absolute values of the eigenvalues obtained from the Gutman matrix. In this paper, we depict
the minimum covering Gutman energy of a graph which can be defined as sum of the absolute
values of the minimum covering Gutman eigenvalues obtained from the minimum covering
1, ifi=j&v,eC
Gutman matrix of a graph, Ac‘g (G) =(9;), where g; =<0, ifi=j&Yy, eC . Here, d,
d,d;ds(v;,v;), otherwise

is the degree of the nodev;, d(v;, v; ) is the shortest distance between the nodes v; & v;and C’

is the minimum covering set. Further, we establish the upper and lower bounds for minimum
covering Gutman energy.
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1. Introduction

Throughout the paper, we take account of a simple connected graph G with node set V
containing g nodes and edge set E containing p edges. For the detailed study of graphs and
matrices, view (Bapat, 2011). Since we aim at determining the minimum covering Gutman
energy of a graph, we should need a brief analysis on minimum covering Gutman matrix.

To start with, let v, v, , ..., v, be the nodes of G. A covering set C of G can be defined

as a subset of V in which atleast one node of C' must be incident with every edge of G and any
covering set with minimum cadinality is termed as minimum covering set.
Now, we define the minimum covering Gutman Matrix
1, ifi=j&v,eC
AC‘g (G) =(9;), 9; =10, ifi=j&v, e¢C , where d;, d; and dG(vi,vj) denote

d,d;dg(v;,v;), otherwise

the degree of node v;, degree of node v; and the shortest distance between the nodes v; and v,

respectively. Note that we shall take here. Refer both references (Roshan et al., 2018) for the

detailed study of illustration of Gutman index and Gutman matrix. Then the minimum covering

Gutman eigenvalues are the eigenvalues 7,7,,...,7, obtained from the characteristic
polynomial, p,(G,7) =detlyl - A.. (G)). Obviously, they are real as A;. (G) is real, symmetric
and they are labeled in non-increasing order 7, 217, 2...217,. So, the minimum covering

Gutman energy, denoted by GE_ (G) is the sum of the absolute values of the minimum covering

q
Gutman eigenvalues. ie., GE_ (G)= Z|77i| . See (Gutman et al., 1978, Balakrishnan, 2004) for
i=1

the study of energy of graphs and (Adiga et al., 2012) for minimum covering energy of graphs
Rajesh Kanna et.al determined minimum covering distance energy of a graph that
motivates us to mould this paper with the ideas of minimum covering Gutman energy of a graph
(Rajesh Kanna et al., 2013). We have sectioned this paper into four. Following by introduction
in section 1, we are trying to convince the method of determining minimum covering set and
thus finding the minimum covering Gutman energy through an example in section 2. In section

3, we are finding the minimum covering Gutman energy of some standard graphs — Cocktail
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party graph, Star graph and Crown graph. Finally in section 4, we are trying to establish some
bounds of minimum covering Gutman energy of a graph.

2. Example of finding Minimum Covering Gutman Energy of a given Graph
2.1 Example:

Vv
1 2 Vs

G:

4 Vs Vy
Solution: The possible minimum covering sets are (i)C, = {v,,v,,V, }, (ii)C, = {V,,V,,v;} and

(iii)C, = {v,,v,, Vg ).
Now, we can find out the corresponding minimum covering Gutman matrix,

characteristic equation, minimum covering Gutman eigenvalues and minimum covering Gutman
energy forC, .

1 9 12 6 15
9 1 6 12 15
. 12 6 0 8 10
I - (G) =

()Aclg() 6 12 8 0 10
15 15 10 10 1
6 6 4 4 5

o o1 A B OO

Characteristic equation is

n® —3n° —1281.001537" — 24446.05546r° —16735274145° — 4412441161 —3883096854=0
Therefore, minimum covering Gutman eigenvalues are 7, ~ -16.3417, n, ~ 14, n, ~ —7.2977,

n, =—=2.5721, n, -2 and n, ~ 45.2115. Consequently, the minimum covering Gutman energy

6
of the given graph G, GE_.(G)=) |, |=87.423.

i=1
Similarly, we can find the minimum covering Gutman energy corresponding to Cz' and

C3'. Notice that the minimum covering Gutman energy is depending on the covering set.
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3. Minimum Covering Gutman Energy of some particular graphs

In this section, we shall consider some standard graphs and discuss their minimum
covering Gutman energy.
3.1 Cocktail Party Graph

Definition 3.1.1: The Cocktail Party Graph (K,,) is a graph with node set V containing the
union of {u,,v, }, where i =1,2,...,q and edge set E containing the union of {uiuj ViV # j} and
{uivj;léi <] Sq}.

Theorem 3.1.1: The minimum covering Gutman energy of Cocktail party graph K, , is

16q(q—1).

Proof: We have the Cocktail Party GraphK, , with node set V = U u,,v and edge set

i=1

E= {u,ul,v,vj,l;tj}U{u,vJ,,J,1<|<J<q} Here, the minimum covering set is

-1
C =J{u;,vi}. Then the minimum covering Gutman matrix is given by A_. (K,,,) =

o

I[N

1 8(g-1)* 4(a-D)° 4(q-1° - 4(q-1)* 4(a-1)°* 4(a-1)° 4(q-1°
8(q-1)° 1 49-1)* 4@-D)° - 4(9-1)° 4(q-1)* 4(-1)* 4(q-D)°
4(9-1)* 4(q-1)° 1 8(g-1)* - 4(a-D)* 4(q-1)° 4(q-1)* 4(q-D?
4(9-1* 4(a-1)* 8(q-1)° 1 - 40-1)° 4(q-1)° 4(q-1)° 4(q-D)?

49-1)° 49-2)* 4(@-D)° 4@-1)° - 1 8@-D)° 4q-1)* 4q-D*
49-1)° 49-2)* 4(@-D° 4@-1)° - 8@g-1)* 1  49-1)* 4q-D°
4q-1)° 49-2)* 4(@-)° 4@-1)° - 4@Q-D* 4@@-1)° 0  8(q-D°
4q-1)° 49-2)* 4(@-D° 4q-1)° - 4@Q-D* 4(a-1)° 8(-1)* O
Therefore, the characteristic equation is

[7+8(a-1F 7+ B(a 17 -1 -1F |7 - (Bala -1 +1)7 +8(a-1 |=0.
So the minimum covering Gutman eigenvalues are

n=-8g-1° (one time), n=-(8(q-1>-1) ((q-1) times), n=1((q-2) times) and

(Ba(a-17 +1)++[Ba(q -1 +1f —32(q-1y
2

n= (one time each).
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Thus the minimum covering Gutman energy is given by GE_ (quz):‘— 8(q —1)2‘ +

‘_ Bla-1F -1fq —11 +|1(q-2)|+ H8q(q ~1F +1] JBa(a -1y +1f ~32(q-1f

=8(q-1) +(8(a—1F —1fa—1)+q—2+8q(q—1) +1
=160(q -1y
3.2 Star Graph
A star graph is the complete bipartite graph K, .

Theorem 3.2.1: The minimum covering Gutman energy of star graph K, ., s

2(q—2)++/49° —8g*> —8q+21, q>3.
Proof: Let v;,vy,...,V,, be the nodes of K, and C' ={v,} be the minimum covering set. Its

minimum covering Gutman matrix is given by

1 g-1 g-1 - g-1 g-1 g-1
qg-1 O 2 - 2 2 2
qg-1 2 o - 2 2 2
A Ka)=| 00 0 q>3.
qg-1 2 2 2
qg-1 2 2 0
qg-1 2 2 2

Then for q >3, its characteristic equation is (77+2)“‘2(;72 —(2q —3)77—(q3 -30°+q +3))= 0 . So,

the minimum covering Gutman eigenvalues are 7=-2((q-2) times) and

- (29-3) /(29 -3 +4(q* -3q° +q+3)
2

Gutman energy is given by

(one time each). Hence its minimum covering

) (2a-3)+/(29-3) +4(q* ~30° +q+3)
GEC‘ (Kl,q—l) - |_ 2(q _2)| +‘ 2 ‘

= 2(q-2)+ (29—-3f +4(¢>~39> +q+3)

= 2(q-2)+ /40> —8q% —8q+21.
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3.3 Crown Graph

Definition 3.3.1: For an integer q > 2, a Crown graph, denoted by S?, is a graph with two sets of
nodes {ui'; 1<i<q } {vj'; 1<j<q } and form an edge from u; to v, when i = j.

Theorem 3.3.1: The minimum covering Gutman energy of a Crown graph (S;’ ,q=>2)is

4472, for q=2
2+/257++/1601, for =3

(\/(ZQ —3)(29-1) +8(q-1) j(q ~1)+ (4(q ~1)° +1), for q>4

Proof: Let {U; U, ,...,U; \V; Y, ...V, | be the node set and {U;v,;1<i,j<q,i# j| be the edge
setofS?, q>2. Also, let C = {ul',uzl....,u;q} be the minimum covering set.

Then its minimum covering Gutman matrix is given by A. (Sé’):

1 29-1 2q-1f 29-1f 3(@-1f (a-1° (q-1 (g-1f
29-1¥ 1 2q-1y 29-1 (q-1° 3(g-1 (q-1)f (q-1)
29-1)° 2(q jl)z 1 2(q jl)z G jl)z (@-1° 3(g jl)z (q-1)
29-1f 2(q-1° 2(q-1y 1 (g —.1)2 (@-1° (a-1f 3(q-1f
3a-1° (@-1° (q-2f @-1° 0  2(-1 2q-1)f 2(q-1)
(@-1° 3(g-1f (g-1f (-1 2@-1¥ 0o  2(g-1f 2(q-1)°
(g jl)z (-1 3(g-1f (@-1° 2(q jl)z 2q-17 0 2(q - 1)
@1F @1F (@-1F - da-1F 2q-1F 2a-1f 2q-1f - o0

We can write its characteristic equation as follows:

7% +(2q-3Y2a -1y - 2(a -1 [7[7? - (a(a -2 +1)p+ (a-1°(3a(a-1Na—4)+2)]=0, g =3
So, the corresponding eigenvalues obtaining are

- ~(29-3)2q-1)++/(29-3)'(2q-1) +8(q-1)
2

(g-1 times each) and

[aq -1 +1J [a@ -1y +1 — (@17 [3a(a-1)a-4)+ 2]
2

n= (one time each) .
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Hence the minimum covering Gutman energy of S?, q >4, is given by

+

GEC(53)_M—(Zq—s)(zq—lﬁJ(2q2—3)2(2q—1)2+8(q—1)2 J(ql)

ot -2 +2Je fata—2 +2f ~4(a-17Bala-1Aa—4)+ 2]
2

(V2937 (2a-1F +8(a-1F Ja-1)+(a(a-1 +1).
In particular, GE_(S?)= 0.6180x2+1.6180x2 = 4.472

andGE_(S?)= (\/152 +32)>< 2++/33 +512 = 2,/257 +/1601.

4. Bounds for Minimum Covering Gutman Energy

In this section, we will discuss the bounds of minimum covering Gutman energy. To
study the upper bounds of energy of graphs, refer (Liu, 2007). The following lemma is a property
of minimum covering Gutman eigenvalues.

Lemma 4.1: For a simple connected graph G with q nodes and p edges and let

C' ={u,,u,,...,u} be the covering set, if 7,7,,..,7, are the minimum covering Gutman
eigenvalues obtained from the minimum covering Gutman matrix AC.Q (G), then

Zq:”i :‘C.‘ and imz :‘C“sz Z(didjdij 1)
i=1 i=1

I<i<j<q
Proof: We have a simple connected (g, p)-graph G. It is well known that the absolute sum of

eigenvalues of Ac‘g (G) is its trace and sum of squares of eigenvalues of AC.g (G) is the trace of
its square.
q q ‘
Thatis, > 7, = trace(AC.g ©))=>dd, =C|
i=1 i=1
q a9 q 2
Also, Y p? =trace(A. (G)F]= 31 (dd,0,) = Y d(d,) + X (0.0 d,)
i=1 i=l j i=1

i=1 j=1 i#]
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This implies 3" 57 =c|+2 3 (dd,g,
i=1

I<i< j<q

Theorem 4.1: For a connected (g, p)-graph with GE_. (G) as minimum covering Gutman

energy, \/\c‘\+2 >(dd,d;)’ sGEC,(G)s\/q[\c'\u Z(didjdij)zj,

Ki<j<q Ki<j<q
where ‘C‘ is the cardinality of minimum covering set C of G.

Proof: We have a connected (g, p)-graph G with minimum covering Gutman energy GEC,(G).

Also, let C  be the minimum covering set of G .

Claim 1: To obtain the upper bound.

q 2 q q
Consider Cauchy-Schwartz inequality (Z X yiJ < (Z xizj(z yin :
i1 iz i1
Take x; =1 and y, =|n.

2
Consequently, (Zq:‘ni U <212‘77, ‘ This exactly gives(zq]nig quq:niz
i=1

i=l =l i=1 i=1

Hence (GE (G)f SQUC'MZ Z(did,-di,-)ZJ :GEC.(G)S\/q@C"+2 Z(didjdij)zJ @)

1<i<j<q I<i<j<q

Claim 2: To obtain the lower bound

However, (GE_ (G)f :(gmj >Z;7I =[cl+2 3 (dd,d

I<i<j<q

So, GE_(G)> \/\c'\+ 2 3 (dd,d, @3)

I<i<j<q

Combining (2) and (3) gives the result.

Corollary 4.1: For a connected (g, p) graph, we have GE_(G)> ,/|IC’|+2d(q-1), g > 2.

Proof: Obviously, d;d;d; >1, Vi= j. Since there are q(qz—l) pairs of nodes in G, it is clear

from (3) of theorem 4.1 that GEC.(G)Z\/‘C"JrZ 3 (d,d,d,

<i<j<q
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2\/‘0"+2-@: ‘C"+q(q—1), q=2.

Theorem 4.2: For a simple connected (q, p) graph G with A as the absolute value of the

determinant of the minimum covering Gutman matrix A_. (G). Then

\/\c\+22ddd)z+qq ~1)A%" < GE_( \/\c\+2q >(add,f . where [c| is the

<i<j<q I<i<j<q
cardinality of minimum covering set C of G.
Proof: From the definition of minimum covering Gutman energy of graph and lemma 4.1,
q
(GEc(G))Z :leﬂl an +2LZ|77|”771‘_‘C‘+2 z d ij +Z|ﬂ|”’7]‘
i= <I<]J<q |< <q 1#]

The arithmetic mean is greater than or equal to the geometric mean, for non-negative numbers.

L o 2(q-1) \Ya() . 2/q
Therefore, m#j > Il ‘77J ] Qn. ‘UJDV ( P J (Eﬂ p'|j — A2
That is, Z|77i”771‘ > q(q—1)A%9,
i#]
Hence (GE_(G)f =[C|+2 Y (dd,d, f +a(a-1)a%. 4)

I<i<j<q
Taking the square root of (4) and combining with the upper bound of theorem 4.1 gives the

result.

Theorem 4.3: For a connected (g, p) graph G with minimum covering set C’ and GEC.(G) as

mimimum covering Gutman energy, then

c]+2 > (dd,g, | cl+2 Y (ddd,
GE.(6)s —° v @-1cl+2 3 (@d,d,f - S
I<i<j<q

Proof: Applying Cauchy-Schwartz inequality to vectors (L1,....1) and (i, ||z, .-.[7.])
(@) e

we obtain (ij <(q-1) Zq:niz
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(e (e-nlf <(a-1fjct2 Saao -t

<i<j<q

GE.(G <|771|+\/q 1)(\0\+2 de d”)z "lj (5)
Ki<j<q

Now, define a function f(x)= x+\/(q —1{‘C"+2 Z(didjdij)2 —ﬂf} (6)

1<i<j<q

Weset n, =x for n, 21

Taking square, x> =17, <Z771 ‘C‘+2 dejdij . This implies xs\/‘c"+2 Z(didjdij :

<i<j<q I<i<j<q

\c\+2 ddd

I<i<j<q

q

Again, taking the derivative f'(x)=0 gives x =

This gives a decreasing function f(x) in the interval

cl+2 Y (dd;d,
I<i<j<q <X<\/‘C‘+22d

q Ki<j<q

‘CI‘—’_Z Z(didjdij ‘C ‘4‘2 Z(d djdij

and I<i<j<q I<i<j<q < 77 .
q q '
cl+2 Y (ddd,
Therefore, (7)< f Kkgq and our result follows.
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